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—— Abstract

Understanding the size of phylogenetic network classes and the typical shape of a random network
from a fixed class has been one of the major research focuses in phylogenetics over the last couple
of years. In this extended abstract, we consider two subclasses of the (recently introduced) class
of semi-simplex phylogenetic networks, namely, semi-simplex tree-child networks and semi-simplex
galled trees. We clarify their sizes relative to the (known) sizes of general tree-child networks and
galled trees, respectively, and prove limit laws for parameters of random networks from these classes.
Additional classes of semi-simplex networks will be considered in the full version of this paper.
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1 Introduction

Phylogenetic networks are used to model reticulate evolution, as they can accommodate the
merging of two lineages into one. However, the space of phylogenetic networks is extremely
large. Consequently, biologists, bioinformaticians, and mathematicians have introduced
various restricted subspaces that allow for feasible mathematical analysis and tractable
algorithmic problems; see [18]. In this paper, we study two classes of semi-simplex networks,
namely semi-simplex tree-child networks and semi-simplex galled trees. We start with general
definitions and then explain the motivation for focusing on these two classes.

» Definition 1. A (binary, rooted) phylogenetic network of size n is a simple, directed, acyclic
graph (simple DAG) whose vertices fall into one of the following categories:
(i) A (unique) root which is a node with indegree 0 and outdegree 2;
(ii) n leaves which are nodes of indegree 1 and outdegree 0. In addition, the leaves are
bijectively labeled with labels from the set {1,...,n};
(iii) Tree nodes which are nodes of indegree 1 and outdegree 2;
(iv) Reticulation nodes which are nodes of indegree 2 and outdegree 1.

If no reticulation nodes are present, phylogenetic networks become phylogenetic trees
which have been used as basic models in evolution for centuries; see [21, 22].
We also need the following three subclasses of phylogenetic networks.

» Definition 2. (i) A phylogenetic network is called a tree-child network if every non-leaf
node has at least one child which is not a reticulation node.
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(ii) A phylogenetic network is called a galled network if every reticulation node is in a tree
cycle, i.e., in a set of two edge-disjoint paths that start with the same tree node, end
with the same reticulation node, and whose remaining nodes are all tree nodes.

(iii) A phylogenetic network is called a galled tree if it is a galled network with the additional
requirement that the tree-cycles of any two reticulation nodes are edge-disjoint.

Enumeration and stochastic properties of all three classes have been studied in previous
papers; see [4, 15, 16, 20, 23] and references therein. Here, we will study their subclasses of
semi-simplex networks.

» Definition 3. (i) A phylogenetic network is called simplex if every reticulation node is
directly followed by a leaf.
(ii) A phylogenetic network is called semi-simplex if the substructure rooted at the child of
every reticulation node is a tree.

Simplex networks, also called one-component networks [5] or simplicial networks [14],
have played an important role in the construction of networks as they are basic building
blocks; see [5, 6, 17]. Their enumerative properties for simplex tree-child networks have been
studied in [5, 15], for simplex galled networks in [16, 17], and for simplex galled trees in [12].

Semi-simplex networks, on the other hand, have recently been introduced in [14] and
counted only for galled networks. In this paper, we are interested in enumerating two more
classes of semi-simplex networks, namely, semi-simplex tree-child networks and semi-simplex
galled trees.

First, let us consider semi-simplex tree-child networks. This class has actually already
played an important role in the counting of general tree-child networks with a fixed number
of reticulation nodes; see [13]. More precisely, one crucial step in solving this counting
problem was to show that when the number of reticulation nodes is fixed, almost every
general tree-child network is a semi-simplex tree-child network. On the other hand, the
number of simplex tree-child networks is smaller by a factor of 2. Overall, this gives for the
number TC,, ;. of general tree-child networks, the number SSTC,, ;. of semi-simplex tree-child
networks, and the number STC,, j, of simplex tree-child networks of size n and £ reticulation
nodes the following chain of equivalences

2 — n
2kSTCn,k ~ SSTCn,k ~ Tcn,k ~ anc 3/22 n! (1)
for fixed k as n — oo; see [13] for the last two asymptotic equivalences and the formula from
Theorem 13 in [5] from which the first follows.
How about the number STC,, of simplex tree-child networks and the number TC,, of
general tree-child networks of size n? First, it is easy to see that kK < n — 1 and thus

n—1 n—1
STC, =) STCnx and  TC, =) TCp.
k=0 k=0

Moreover, it was shown in [15] that

1
STC,, ~ mn_g/‘LezﬁQ”n!Q, (n — o)

and

TC,, =0 (n*5/3e“1(3")1/3 12”n!2) , (n — ),
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where a; is the largest root of the Airy function of first kind. This raises the question of
how the number SSTC,, of semi-simplex tree-child networks of size n relates to these two
numbers? Is it closer to TC,, (as for fixed k in (1)) or closer to STC,,? This is answered by
our first main result.

» Theorem 4. The number SSTC,, of semi-simplex tree-child networks of size n behaves
asymptotically as
1

—_n Y Ae2Vngnp2, (n — 0).

SSTC,, ~ Inie

» Remark 5. This result implies that SSTC,, ~ /eSTC,, and that SSTC,, is much smaller
than TC,,.

Next, how about limit laws for the number of reticulation nodes? Here, it was proved
in [7] that for the number SX,, of reticulation nodes of a simplex tree-child network picked
uniformly at random from the class of all simplex tree-child networks of size n:

SX, —

SXy —n+yn 4 N(0,1), (n — o), (2)
v/n/4

where —% denotes convergence in distribution and N (0, 1) is the standard normal distribution.

On the other hand, for the number X,, of reticulation nodes of a general tree-child networks

picked uniformly at random from the class of all general tree-child networks of size n:

n—1-X, -5 Poisson(1/2),  (n — o),

where Poisson(A) denotes a Poisson random variable with parameter \; see also [7]. Again,
the random number SSX,, of reticulation nodes behaves similarly to the corresponding
random number for simplex tree-child networks.

» Theorem 6. The number SSX,, of reticulation nodes of a semi-simplex tree-child network
picked uniformly at random from the class of all semi-simplex tree-child networks of size n
satisfies

T 0,1), (n — ).

Finally, we consider the Sackin index of tree-child networks which was introduced in [25]
as an extension of the classical Sackin index of phylogenetic trees [9]. The definition is as
follows. The Sackin index is defined as the sum of heights of the leaves with the height of a
leaf being the length of a longest path from the root to that leaf. Denote by SS,, the Sackin
index of a random simplex tree-child network of size n. Then, it was proved in [25] that the

expected value of S5, has order n7/4. This generalizes to semi-simplex tree-child networks.

» Theorem 7. Let 5SS, be the Sackin indez, i.e., the sum of heights of all leaves of a
semi-simplex tree-child network picked uniformly at random from the class of all semi-simplex
tree-child networks of size n. Then,

E(SSS,) = 0(n™?), (n — o).

The above results will be proved in the next section (where for Theorem 7, we only give a
sketch of the proof). Then, in Section 3, we will prove corresponding results for galled trees

27:3
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for whose numbers, we will use the same notation as above only with TC replaced by GT. It
is known from [2, 4, 12] that
221, 3/2

GTy g ~ ———=n""""/%2"n! 3

AN CTAIV " ®)

for fixed k, as n — oo, and

VISR

SGT, NG (3 +2v2)"nl, (n — 00), (4)
and
GT,, ~ 17— mn*3/28”n!, (n — 00). (5)

136,/7

We will add asymptotic results for the remaining numbers, namely, SGT,, », SSGT,, 1, and
SSGT,,, and also derive stochastic results for the number of reticulation nodes and the Sackin
index which will be compared with the known results for general galled trees and simplex
galled trees [4, 12]. Finally, we will give some concluding remarks in Section 4.

2 Semi-Simplex Tree-Child Networks

In this section, we are going to prove our results for semi-simplex tree-child networks. We
start by deriving a closed-form expression for SSTC,, ;, from which the claimed asymptotic
result in Theorem 4 will follow by a double application of the Laplace method.

First, recall the exact counting formula for STC,,  from [5].

» Proposition 8 (Theorem 13 in [5]). For 0 <k <mn —1, we have

n (2n —2)!
k) 2n=l(p —k— 1)1

STCpx = (

» Remark 9. For k = 0, we have

— _ (27’L — 2)‘ _ n 1 —3/29n,,|
T, :=STCy = (1) (2n —3)N! 2ﬁn 2"n! (6)

which is the (well-known) formula for the number of phylogenetic trees; see [21]. Thus, for
the exponential generating function (EGF) of T,,, we obtain that
ZTL
T(z) =) Ty =1-vVi-2z (7)
n>0

Alternatively, this result can be derived by the symbolic method; see Note I1.19 in [10].

In addition, we need the following lemma for the number of phylogenetic forests which
are leaf-labeled sets of rooted binary trees with label set {1,...,n}..

» Lemma 10. The number of phylogenetic forests consisting of k trees whose leaves are
labeled with labels from the set {1,...,n} equals
(2n —k —1)!
(n—k)l(k —1)l2n—Fk

provided that n > k > 1 and 0 otherwise.
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Proof. The number of such forests is given by [2"]T(2)*/k!. Note that T'(z) = z + T(2)?/2.

Thus, by the Lagrange inversion formula:

nTzk n—1 n n—1)! 2n—k—1
nil="] (k!) _Ek—1§![w 11 -w/2) _(k(—l)'z)n—k< n—k )

This is the claimed result. <

We can now state the following exact formula for SSTC,, .

» Proposition 11. For 1 <k <n -1,

n—k . ]
_otn N () (24 2k = 2)!(2n —2j —k —1)!
SSTCy i =2 Z(J) (= Dn —j = k)!(Ek—1)!

j=1

and SSTC,, 0 = (2n — 3)!!

Proof. The result for k£ = 0 follows by Remark 9. Thus, we may assume that 1 < k <n — 1.

According to Proposition 8, there are

(2 + 2k — 2)!
jSkfl(j )1 (8)

simplex tree-child networks with £ reticulation nodes and j + k leaves which are labeled by

{1,...,j+k} where the leaves below the k reticulation nodes are labeled by {1,...,k}. Now,

in order to construct all semi-simplex tree-child networks, we have to replace these leaves by
a phylogenetic forest consisting of k trees whose leaves are labeled by {1,...,n — j} (so, that
we obtain n leaves in total). According to Lemma 10, the number of such forests is given by

(2n—2j —k—1)!
(n =7 — Rk — 1)2n—iF

for £ — j > k. Multiplying this expression with (8), relabeling the leaves, and summing over

1 <j < /¢ —k gives the claim. <
Consequently,
n—1ln—k .
(25 + 2k — 2)!(2n — 25 — k — 1)!
SSTC,, = (2n — 3)!1 42177 9
(n = 3)+ ;;() G 1)in—j — Bk = 1) )
n—1 n—j .
_ (25 +2k—2)!(2n —2j — k —1)!
= (2n —3)I1 42177 . (10
(o =3 ;@j—l'; (=~ Bk 1! "o

The terms in the inner sum of (9) are unimodal with the maximum hard to locate. However,
rather surprisingly, the terms in the inner sum of (10) are monotonic.

» Lemma 12. For fited n and 1 < j < n —1, the sequence

{(2j+2k—2)'(2n—2j—k—1)!}
( _.]_k)(k_l) 1<k<n—j

18 increasing.
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Proof. The fraction of two consecutive terms of the sequence is given by:
22 +2k -1+ k)(n—j—k) 2j+2k—1 2(j+k)(n—j—k)
(2n—2j—k—1k B k 2n—2j —k—1
The first term on the right-hand side of this expression is clearly > 1. For the second term,
we have

20 +k)n—j—k) 20 +k)n—j—k)

Mm—-2j k-1 = 2m—j k1
Set = := j + k and consider the function
2x(n — x)
f@) = 2n—x—1

with 1 < 2z <n — 1. This function is easily seen to be first increasing and then decreasing.
Thus, to show that it is > 1 (which implies that the second term above is also > 1), we only
need to evaluate it at the two boundary points. At © = 1, we have f(1) =1. Atz =n —1,
we have f(n — 1) = (2n — 1)/n which clearly is > 1. Thus, the claim is proved. <

We derive now Theorem 4 from (10) in two steps: first we treat the inner sum and then
the outer sum, where both times we apply the Laplace method.

» Remark 13. Tt would be slightly harder to apply the same strategy of proof to (9) due to
the more involved behavior of the terms of the inner sum.

» Lemma 14. For j = \/n+ x, we have

n—j _ 95 _ L _1)\! &
Z 2] + 2k — 2) (2n 2] —Fk 1)' ~ \/é n_5/24"n!2, (n — OO)
2 (n—j—k)(k—1) 4w

uniformly for x = O(n'/**€) with € > 0.

Proof. Call the sum in the lemma (n). Due to Lemma 12, the terms close to n — j
contribute most. Thus, we first change the order of summation:

n—j—1

S (2n — 2k —2)/(n— j +k — 1)!
Elln—j—k—1)!

k=0
Next, we set j = y/n + x and expand the terms inside the sum which gives
2n—2k—-2)!(n—j+k—1)! 1
Elln—75—k—1)! k4R +1
uniformly for x = O(n1/4+€) and k = O(¥/n). We now break X(n) into two parts:
=D+ D, =)+ Te(n).
k<yn  k>Yn
For the second part, by (11) and Lemma 12:
1
@) n_3/24”n!2>
( [/njlavn

which is much smaller than the contribution of 3;(n) which again by (11) is given by:

n=%/24np)? (11)

22 (TL) =

1 — n \4/6 — n
Zl(n) ~ Z W n 5/24 TL!Q ~ FTL 5/24 n!2

1
4./7 oy ™

uniformly for x = O(n!/4*e). <



205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

M. Fuchs and T.-C. Yu

We are now ready to proof Theorem 4.

Proof of Theorem 4. Set:

n—

<

&) 2t (25 4+ 2k — 2)1(2n — 25 — k — 1)!
B = 2 o= (n=J— Rk — 1)

1

x>~
Il

which is the second term of (10). By Lemma 12, we have

S(n) < nz_:l (”) 27" (2n —2ln —j)

J (j—1)!

=1
The terms of this sum are increasing for j < v/n — 1 and decreasing otherwise. Moreover, for

j=vata,

1—-n _ | s
77“ 2 (271. 2)(” .]) ~ 1 n—3/262\/52nn!2e—m2/\/ﬁ, (n N OO) (12)
J (j—1)! dm\/me

uniformly for z = O(n'/*t¢) with € > 0. Now, as in the proof of the previous lemma, we
again break X(n) into two parts:

Y(n) = >+ Y =: %1 (n) 4 Sa(n).

i /Al<nt/ite [joy/ml>nl/ite

For the second part, by the above estimate and (12):
Yo(n)=0 (n71/262‘/ﬁ*”262”n!2) .

For the first part, by using Lemma 14 and again (12):

1 2
) ~ —4 Qﬁsn 14 —x%/\/n
)~ e — g ¢ o ’ ﬂz; o
J—vn|<n €

1 —522nn200—m2n 1 —9/4 2v/non, |2
NWTL /6\/>2 n' _Ooe /\Fdxwmn /6\/>2 n'

Combining this with the above estimate for Xo(n) and noting that SSTC,, ~ X(n) since
(2n — 3)!! has a smaller asymptotic order (see (6)) gives the claimed result. <

We next prove Theorem 6. For this, we return to Proposition 11 whose terms, as
mentioned above, are in general unimodal. However, in the major range of k, we again have
monotonicity.

» Lemma 15. For sufficiently large n and n — 2\/n < k <n — 1, the sequence

e e

1S increasing.

Proof. The fraction of two consecutive terms of the sequence is given by

(25 + 2k) (2 + 2k — 1)(n — j)(n — j — k)
JG+D2n—2j—k—1)2n—2j — k- 2)

(13)
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and we have to show that this is > 1 for 1 <j <n —k — 1. Replace j = = and let f(z) be
the logarithm of the above expression on (0,n — k). Taking derivatives gives:

o) = 2 N 2 N 2 N 2
T2 +2k 20+4+2k—-1 2m—-20—-k—1 2n—-2x—k—2
11 1
xr xz+1 n—xz n—x—k
Note that

2x+2k22x+2k—122]{:—12271—4\/5—1
and
Mm—2—k—1>2n—-20—k—2>k—2>n—2yn—2.

Thus,

8 8 1 8 1
_ < _
n—2yn—2 n—2yn—-2 n—-k n-2yn-2 2Jn

which is negative for sufficiently large n. This implies that f(z) is decreasing and hence we

f'z) <

1
-=<
xT

have only to show that (13) is > 1 for j =n — k — 1. In this case (13) becomes

(2n —2)(2n — 3) 2n —3 (1)
> =1+ +0
(n—k=1)mn—-kk~ 2V/n-1)vn Qxf
which proves the claim for sufficiently large n. |

Using this lemma, we can prove the following.

» Proposition 16. For k =n — \/n+ x, we have

]. 5
SSTCnﬁk ~ W’nid/2e2\/ﬁ2nn!2€7m2/ﬁ, (n — OO)

uniformly for x = O(n*/4+€) with € > 0.

Proof. By the same arguments as in the proof of Lemma 14, for k=n —/n+ =

_ (25 +2k—2)!(2n —2j — k —1)! 1 30U _
Z() ‘7*1)(717]*]{)(]{:—1) 877\/7?\4/En e n'“e , (n—)oo)

uniformly for = O(n'/4t€) with € > 0. Multiplying by 2'~" gives the claimed result. <
Now, we are ready to proof our second main result.

Proof of Theorem 6. Combining Proposition 16 with Theorem 4 gives the following local
limit theorem for SSX,,:

P(SSX,=n—+vn+zx) ~ e T IV (n — o0)

1
VTin
uniformly for z = O(n'/4t¢) with € > 0 where n — /n + z is an integer. This is stronger
than the claimed central limit theorem from Theorem 6 which follows from it by standard
arguments. <
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What is left is the proof of Theorem 7. Here, we will work with the depth of a random
tree-child network instead of the Sackin index. The depth, a standard parameter in computer
science (see [19]), is defined as the height of a random leaf. Let SD,, and SSD,, denote the
depth of a random simplex tree-child networks and random semi-simplex tree-child networks
of size n, respectively. Then,

E(SSS,) = nE(SSD,), E(SS,) =nE(SD,,). (14)
Note that from the latter and the result of [25], we obtain that

E(SD,) = 0(n**),  (n— ). (15)
In addition, the mean value of the depth of a random phylogenetic tree is known as well.

» Theorem 17 (Theorem 4 in [3]). Let D,, denote depth of a phylogenetic tree picked uniformly
at random from the class of all phylogenetic trees of size n. Then,

E(D,) ~ 7n, (n — o0).

» Remark 18. In [3], the above result was formulated for the Sackin index S,, of random
phylogenetic trees of size n. However, as above, we have the relation:

E(S,) = nE(D,).

Apart from these tools, we need another ingredient in the proof of Theorem 7 which will
be stated in the below sketch of proof (and rigorously shown in the journal version of the

paper).

Sketch of Proof of Theorem 7. First, denote by E,, the event that a random semi-simplex
tree-child network is a simplex tree-child network. Then, by Remark 5:

_sTC, s
~sste, ¢

Consequently,

P(E,)

(n — 00).

E(SSD,) > E(SSD,|E,)P(E,) = E(SD,)P(E,) = Q(n**),

where the last line follows from (15). Thus, we only need to prove a corresponding upper
bound. For this, recall that SSX,, denotes the number of reticulation nodes of a random
semi-simplex tree-child network of size n. In addition, given that SSX,, = k, denote by SSY,,
the vector of sizes of the k subtrees below the reticulation nodes and by SSZ,, the number
of leaves which are not below reticulation nodes. Thus, if SSX,, =k, SSY,, = (s1,...,sk),
and SSZ, =j,then s1+---+sx=n—jand 1 <j <n—k. Now, we have

E(SSDy) = Y E(SSD,|SSX, =k, S5Y, = (s1..... ). 557, = j)
3.k,81,...,8k

X P(SSX, =k, SSY,, = (s1,..., %), S5Z, = j). (16)

Then, since a random semi-simplex tree-child network with SSX,, = k, SSY,, = (s1, ..., Sk),
and SSZ, = j consists of a simplex tree-child network of size j + k with trees of sizes
S1,- ..,k below the k reticulation nodes, we have

E(SSD,|SSX, =k, SSY, = (s1,...,51), SSZn = j)
= max {s:10(( + B)*4) + O(n — j)!/2) = max {s}0(n*"),

1<i<k

27:9
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where the first O-term above is due to (15) and the second follows from Theorem 17. Plugging
this into (16) gives:

E(SSD,) = O(n®/*) Z 1rila<xk{si}IP’(SSXn =k,SSY,, = (s1,...,5%),85Z, = j)
7,Kk,81,4. 4,8k ==

= O(n3/4)7
where the last line follows from

S max (siHP(SSX, = b SSY, = (st 50) = O(1),

k,51,--.,5k

i.e., the maximal size of a subtree below a reticulation node in a random semi-simplex
tree-child networks is bounded. (This will be proved in the journal version of the paper.)
Overall,

E(SSD,) = 6(n%), (n — o0)

which together with (14) implies the claimed result. <

GT1 GTl @]

GT; GT; GT

ar- o + SN\ ¢ + ’

GTn GTy : : :

- > GTj, : Vala

sym ! CTk GTm,
T, T,
<>
sym

Figure 1 Specification of semi-simplex galled trees. Note that if the root is in a tree cycle (cases
three and four on the right-hand side of the equality), then the reticulation node is followed by a
tree T; in all other cases galled trees GT are attached as children.

3 Semi-Simplex Galled Trees

In this section, we derive corresponding results for galled trees. Note that galled trees
are easier to handle than tree-child networks as they possess a straightforward recursive
decomposition as follows. The root is either not contained in a tree cycle in which case it has
two subtrees which are again galled trees (second case on the right-hand side of the equality
in Figure 1) or it is contained in a tree cycle (third and fourth case in Figure 1 where the
sequences of galled trees on the left and right of the tree cycle are non-empty). In addition,
note that we have a symmetry along the vertical line through the root since swapping the
galled tree along this line just yields the same tree (except in the third case in Figure 1).

Due to this decomposition, we can now use exponential generating functions (EGFs) to
enumerate semi-simplex galled trees as well as study parameters of random semi-simplex
galled trees. We start with the enumeration problem.
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» Lemma 19. Let SSGT,, denote the number of semi-simplex galled trees of size n with
EGF:

Az) =Y SSGTn%.
n>1 ’

Then,

A(2)?
2

A(z) T(z) A(z)?
1— A(z) 2 (1-A(2)%

A(z) =z + + T () (17)

where T(z) denotes the EGF of the number phylogenetic trees; see (7).

Proof. From the symbolic method (see Chapter I in [10])), we immediately obtain (17) since
A(z)/(1 — A(z)) is the generating function of a non-empty sequence of galled trees and every
reticulation node is followed by a tree (which explains the factor T'(z) in the third and fourth
term on the right-hand side of equation (17)). Also, note that the factor 1/2 in the second
and fourth term on the right-hand side of equation (17) arises from the symmetry explained
in the paragraph prior to the lemma (and is indicated by horizontal arrows in Figure 1). <«

The equation for A(z) can be solved and the asymptotics of the coefficient derived with
singularity analysis (see Chapter VI in [10]).

» Theorem 20. The number SSGT,, of semi-simplex galled trees of size n behaves asymptot-

ically as
1 [2a(5 —4a) + 4a(3a — 1)(1 — 20)~ /2 _ n
S8GTn ~ 4\/ ( (4)_2\/1(_ﬁ _)Em)w SR o ()

where a = (1 — $2)/2 ~ 0.16486 and [ =~ 0.81871 is the smallest positive real root of the
equation z* — 223 + 322 4+22 -3 =0.

Proof. Solving (17) gives:

1
A(z)12\/4+2\/1102+4z\/122+4222\/12z4z.

We next have to find the singularities with smallest absolute value (the dominant singularities)
of A(z). It is easy to see that there is only one that is obtained by solving 1—10z+4zv/1 — 22+
42% = 0 with z € R. Set v/1 — 2a =: 3 which gives the equation 3* — 283 +38%2+28-3=0
that can be solved by Ferrari’s method:

/89 + 61159 + /89 — 6/159 — 1

71 6

VITFT-y1-2m 44471
Y2 = 9 ,
B=1-13

1 1
=1- (6\/3(89 + 6v159)1/3 4 3(89 — 61/159)1/3 + 6 — 5 (12 — 3(89 + 6v159)'/3

—3(89 — 6V159)"/° + 36\/((13(89 +6v/159)1/3 4 é(89 — 6v/159)1/3 — %)2 - 1)1/2)2
o = (1 - ﬂ2)/27
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where a ~ 0.16486. Expanding A(z) as z — o~ gives:

1 1 [2a(5 —4a) +4a(3a — 1)(1 — 2a)—1/2 2
A(z) ~1— =2/4— 2T =20 —da— - 1- 2.
) 2\/ @ 2\/ 1= 2120 - 4a a

Consequently, by the transfer theorems of singularity analysis

SSGT,, = nl[z"]A(z) ~ —

a "n!

1 2a(5 — 4a) + 4a(3a — 1)(1 — 2a)~1/2 372
oT(—1/2) 41— 2120 4a

1 [2a(5 —4a) +4a(Ba = 1)(1 — 2a)~1/2 =3/2gn
(4—-2v1—-2a—4a)m

4
which is the claimed result. |

n! (19)

» Remark 21. In contrast to tree-child networks, the asymptotics of the numbers of semi-
simplex galled trees (18) and simplex galled trees (4) differ already in the exponential growth
term. The former is o™ = 6.06574" and the latter (3 4+ 2v/2)" ~ 5.82843". Also, note that
both terms are much smaller that the exponential growth term of general galled trees in (5).

In order to study the number of reticulation nodes of galled trees, we use bivariate
generating functions.

» Lemma 22. Let SSGT, ; denote number of semi-simplex galled trees of size n and k
reticulation nodes with bivariate generating function:

Alzu) = SSGTnyk%u’“.

n,k
Then,

A(z,u) uT(2)  A(z,u)?

A(z,u)
2 1— A(z,u) T (1—A(z,u))?’

2
A(z,u) =z + 5 +uT(z)

(20)

where T'(z) denotes the EGF of the number of phylogenetic trees; see (7).

Proof. The proof is similar to the proof of Lemma 19. More precisely, note that the number
of reticulation nodes is an additive parameter, i.e., it can be computed by simply adding up
contributions from subtrees. Consequently, the second term on the right-hand side of (20),
which corresponds to the second case in the specification in Figure 1, is just A(z,u)?/2 and
similarly the other two terms are explained where the additional factor u takes into account
the reticulation node in the tree cycle of the root in the third and fourth case of Figure 1. <«

We can now apply the following theorem from [8] to prove a central limit theorem for the
number of reticulation nodes of a random galled tree.

» Theorem 23 (Theorem 2.23 in [8]). Assume that F(z,y,u) is an analytic function at
(z,y,u) = (0,0,1) with F(0,y,u) = 0, F(2,0,u) £ 0 and all Maclaurin coefficients of
F(z,y,1) are real and non-negative. In addition, assume that the region of convergence of
F(z,y,u) contains a non-negative solution (z,y) = (20,y0) of the system

y=F(z,9,1) and 1=Fy(z,y,1). (21)

which satisfies F(z0,Y0,1) # 0 and Fyy(20,Y0,1) # 0. Finally, assume that the Maclaurin
coefficients of the (unique) solution y(z,u) with non-negative Maclaurin coefficients of
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y = F(z,y,u) with y(0,u) = 0 are eventually positive. Then, the random variable X, with
probability generating function

E(X,) ~ pn and Var(X,,) ~ o?n

with
H= ZOFZ
0” = p+ 1 + —— (F2(Eyy Fuu = F},) = 2. Fu(Fyy Fay = FyoFy) (22)
20472 yy

“‘Ff(Fzszy - F?/Qz)) ’
where all derivatives are evaluated at (z,y,u) = (20,%0,1). Moreover, if 02 > 0, then

Xzi\’/%m 4 N(0,1),  (n— ).

» Theorem 24. The number SSX,, of reticulation nodes of a semi-simplex galled tree picked
uniformly at random from the class of all semi-simplex galled trees of size n satisfies

X _
S5Xn — prn _4, N(0,1), (n — 00),
O'R\/’rl

where (g, 0%) ~ (0.40662,0.11657).

Proof. Let
z

T 1—y2—ul(5)/(1—y) —uT(2)y/ 20 - y)?)

Then, because of (20), A(z,y,u) is a solution of y = F(z,y,u). Next, note that all the
assumptions of Theorem 23 are satisfied, e.g., z9p = a and yo = A(zp) is a solution of (21)

F(z,y,u)

lying inside the domain of convergence of F(z,y,u). Thus, we obtain the claimed result
with the values for the constants of mean and variance which are computed from (22) by
straightforward computation. <

» Remark 25. A similar central limit theorem has been proved for the number of reticulation
nodes of random general galled trees [4] with the corresponding constants for mean value
and variance approximate equal to (ur,0%) &~ (0.56155,0.17736). Also, by a variation of the
method, a similar result can also be proved for the number of reticulation nodes of random
simplex galled trees where (ug,0%) ~ (0.41421,0.12132). Note that from this, we see that
on average, semi-simplex galled trees have the smallest number of reticulation nodes anong
these three classes of networks.

Next, for the Sackin index, we again use bivariate generating functions. We denote
the number of phylogenetic trees of size n and Sackin index equal to k by ST, ; and
T(z,u) = an STn,k%uk.

27:13
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» Lemma 26. Let SSS,, i, be the number of semi-simplex galled trees of size n and Sackin
index equal to k with bivariate generating function:

_ 2k
) = nz}; 88k u

Then,
1 k
_ 2 k+2 i+1
B(z,u)—z+§B(zu,u) +ZT(Z’U ,u)l_[B(zuZ ,u)
k>0 i=1
k ' m 4

+ Z Z T(zuf*2 ) HB(zuH'l, w) H B(zu? ™t )
m>1k>m =1 j=1
1 b .

+ 3 Z T (2u"2 ) H B(zu™ ). (23)

E>1 i=1

Proof. The proof again follows from the symbolic method where the second term is explained
by additivity of the Sackin index, i.e., it can be computed for subtrees separately and then
added up where one has to add the root edge for each leaf (this explains why the first
argument is zu instead of z). Similarly the third and last two terms are explained which
correspond to the third and fourth case on the right-hand side of the specification in Figure 1.
Here, note that for the tree below the reticulation node we have to choose the longer path
from the root (which explains the term zuk+2). In addition, we have splitted the fourth case
in Figure 1 into two subcases according to whether £ > m or kK = m; only in the second
subcase, we need the additional factor 1/2 due to symmetry. |

From this result, we obtain the following.

» Theorem 27. Let SSS,, be the Sackin index of a semi-simplex galled tree picked uniformly
at random from the class of all semi-simplex galled trees of size n. Then,

E(SSS,) ~ vmpusn®/?, (n — 00),

where

B 4-2yT— 32—
fs = 20(5 — 4a) + 4a(3a — 1)(1 — 2a)~1/2

~ 1.28962.
Proof. Let S(z) := 2 B(2,u)|y=1. Then,

E(SSS,) =
where the asymptotics of the denominator is known by (19). Consequently, we only have
to find the asymptotics of the numerator. For this purpose, note that 6%B(zui, w)|y=1 =

izA'(z) + S(z). Thus, by taking partial derivatives on both sides of equation (23) with
respect to u and letting u = 1, we obtain

 TAAR) A(2) fo(A(2))
S6) = T4~ Tetaw)) s ALE) = TEA)
AETERAE) | &1 fAR)

1-A(2) = T(2)g9(A(2)) = 1= A(2) = T(2)9(A(2))’
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where g(t) = 1/(1 —t)® and
(2t — 42 —t 4 6) ottt — 4t 46t — 4t + 1)
h)=Sa—pra—m > 0= L ’

2—t t(2—1t
f3(t) = D fa(t) = 2((1—t))2

Also, with the same argument as in the proof of Lemma 26,

1
T(z,u) = z + =T (zu,u)?.

2
Consequently, by again taking partial derivatives
0 2T (2)T(2)
Zr y] = et 2
gu ! W= = 577505

which can be plugged into the above expression for S(z). Next, we have to find the dominant
singularities of S(z). Therefore, note that 1 — A(a) — T(a)g(A(e)) = 0 and 1 — A(z) —
T(2)g(A(z)) # 0, when 0 < z < a. Also, we have A(a) =1 - /4 -2y/T—2a —4a ~
0.34748, and f;(t) # 0, for all i = 1,2,3,4, when 0 < ¢ < 0.35. Thus, the dominant singularity
of S(z) is unique and again given by . What is left is to expand S(z) as 2 — a~. This is
best done with the assistance of a computer algebra program such as Maple. We obtain:

o~
41 - z/a)’

Thus, by the transfer theorems of singularity analysis,

S(2)

[2"]S(2) ~ 4 ™"

and consequently

_ [2"]S(2) (4—-2v1—-2a—4a)m
E(S55.) = 1 ~ \/2a(5 " 4a) +4a(3a — 1)(1 — 2a)-1/2 n®/2.

Numerical evaluation of the constant gives the claimed result. |

» Remark 28. (i) Similar results have been proved in [12] for the Sackin index of random
general galled trees and simplex galled trees for which we have ug ~ 1.76434 in the
former case and pug = 1.30656 in the latter case, respectively. Again, the mean constant
is smallest for semi-simplex galled trees; compare with Remark 25.

(ii) Using the method from [12], the first-order asymptotics of higher moments of SSS,
can be computed as well. Moreover, we expect that SSS,,/ (u5n3/ %) again converges
weakly to the Airy distribution; see Theorem 2 in [12].

Finally, one wonders if again a relation similar to (1) holds for the number SGT,, j, of
simplex galled trees, SSGT), ;;, of semi-simplex galled trees, and GT,, ;, of general galled trees
of size n and k reticulation nodes? In particular, is again almost every general galled tree
with a fixed number of reticulation nodes a semi-simplex galled tree? We expect that this is
true and that we again have the following chain of equivalences

22k—1

PN
for fixed k as n — oo, where the last asymptotic equivalence follows from (3). This conjecture

can be proved with the tools developed in [1, 2] and will be presented in the journal version
of this paper.

28SGT, 4 ~ SSCT, 1 ~ GTp o ~ 2k=3/29np)
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4 Conclusion

In this extended abstract, we have enumerated and studied stochastic properties of two
classes of semi-simplex phylogenetic networks, namely, semi-simplex tree-child networks and
semi-simplex galled trees. For the former class, we have proved that the numbers of simplex
and semi-simplex tree-child networks just differ by a multiplicative factor whereas both are
much smaller than the the number of general tree-child networks. On the other hand, the
asymptotic expansions of the numbers of simplex galled trees and semi-simplex galled trees
already differ in their exponential growth term (but are again much smaller than the number
of general galled trees). In addition, we have studied shape parameters of these two classes of
semi-simplex networks and obtained limit distribution results for the number of reticulation
nodes and asymptotic results for the mean of the Sackin index.

Which other classes of semi-simplex phylogenetic networks could be studied? First, for
semi-simplex galled networks, only the enumeration problem has been solved so far. One
can ask for stochastic results for shape parameters and such results will be presented in the
full version of this paper. Another interesting class which could be studied are semi-simplex
normal networks, where a normal network ([11, 24]) is a tree-child network without shortcuts,
i.e., without edges from a node u to a node v so that v can be reached from wu also by a path
of length at least 2. How many semi-simplex normal networks of size n are there? What
can be said of about the stochastic behavior of shape parameters of random semi-simplex
normal networks? These are interesting questions, however, their study might be much
harder compared to the corresponding questions for semi-simplex tree-child networks and
semi-simplex galled trees studied in the current paper as even simplex normal networks of
size n have not yet been successfully enumerated.
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