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Robinson-Foulds Distance of Phylogenetic Trees

T . . . a phylogenetic tree.

Every e ∈ E(T ) gives a split A|B .

De�nition (RF distance)

The Robinson-Foulds distance (RF distance) dRF (T1,T2) of T1 and T2 is the

number of splits which only occurs either in T1 or in T2 but not in both.

Question: What is the limit distribution of dRF (T1,T2) for random
uniform trees of size n?

Theorem (Penny & Steel; 1993)

As n →∞,

n −3− dRF (T1,T2)

2
d−→ Poisson(1/8).
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Cayley Trees

De�nition

A (unrooted or rooted) Cayley tree is a tree with n vertices which are

labeled by {1, . . . ,n}.

Theorem (Cayley; 1889)

# of unrooted Cayley trees= nn−2;

# of rooted Cayley trees= nn−1.

The RF-distance was recently de�ned for (unrooted and rooted) Cayley's

trees in:

E. Khayatian, G. Valiente, L. Zhang (2024). The k-Robinson-Foulds
measure for labeled trees, Journal of Comput. Biol., 31:4, 328�344.
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k-RF Distance of Cayley Trees (i)

Let T be a Cayley tree and 0 ≤ k ≤ n −2.

For e = {u, v}, T −e has components Cu and Cv .

De�ne:

Ne (u,k) := {w ∈Cu : d(w,u) ≤ k};

Ne (v,k) := {w ∈Cv : d(w, v) ≤ k}.

{Ne (u,k), Ne (v,k)} is called k-local split.

Let Lk (T ) be the set of all k-local splits.

For Cayley trees T1 and T2:

dk−RF (T1,T2) := |Lk (T1)∆Lk (T2)|.
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k-RF Distance of Cayley Trees (ii)

Sk (T1,T2) . . . number of k-local splits shared by T1 and T2.

Then,

dk−RF (T1,T2) = 2(n −1)−2Sk (T1,T2).

Example:
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<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>
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<latexit sha1_base64="WE7/70DruTpTvslUKRJst6QhCw8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fKmMuw==</latexit>
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3 <latexit sha1_base64="S50gbZ4TfmbtFvVWjJYQfUNVo0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUU8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4K5jL8=</latexit>

5

<latexit sha1_base64="WYWizut7yt3F4VZV9Uze6NNVgx8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgHsKu+DpJwIvHBMwDkhBmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDf1m0+oNI/kgxnH2A3pQPKAM2qsVDvrFUtu2Z2BLBMvIyXIUO0Vvzr9iCUhSsME1brtubHpplQZzgROCp1EY0zZiA6wbamkIepuOjt0Qk6s0idBpGxJQ2bq74mUhlqPQ992htQM9aI3Ff/z2okJbropl3FiULL5oiARxERk+jXpc4XMiLEllClubyVsSBVlxmZTsCF4iy8vk8Z52bsqX9YuSpXbLI48HMExnIIH11CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gByDYy0</latexit>⇤
<latexit sha1_base64="WYWizut7yt3F4VZV9Uze6NNVgx8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgHsKu+DpJwIvHBMwDkhBmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDf1m0+oNI/kgxnH2A3pQPKAM2qsVDvrFUtu2Z2BLBMvIyXIUO0Vvzr9iCUhSsME1brtubHpplQZzgROCp1EY0zZiA6wbamkIepuOjt0Qk6s0idBpGxJQ2bq74mUhlqPQ992htQM9aI3Ff/z2okJbropl3FiULL5oiARxERk+jXpc4XMiLEllClubyVsSBVlxmZTsCF4iy8vk8Z52bsqX9YuSpXbLI48HMExnIIH11CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gByDYy0</latexit>⇤

<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+
<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+

<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+
<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+
<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+

<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+

Figure: Shared k-local splits for k = 0 (+) and k = 4 (*).
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k-RF Distance of Cayley Trees (ii)

Sk (T1,T2) . . . number of k-local splits shared by T1 and T2.

Then,

dk−RF (T1,T2) = 2(n −1)−2Sk (T1,T2).

Example:

<latexit sha1_base64="KsZrinurS2SqSbMk9qeTiO9IJNs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRt/rlytu1Z2D/CVeTiqQo94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8st/Seus6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDExgM4Qle4NURzrPz5rwvWgtOPnMIv+B8fAPYCY2G</latexit>

T1
<latexit sha1_base64="RkklwfqlUsHP3FTwUn/DwERU/B0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48R84JkCbOT3mTI7OwyMyuEkE/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdzfzWEyrNY1k34wT9iA4kDzmjxkqP9V6lVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzUKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeONPuExSg5ItFoWpICYms79JnytkRowtoUxxeythQ6ooMzadgg3BW355lTQrZe+qfPlwUareZnHk4QRO4Rw8uIYq3EMNGsBgAM/wCm+OcF6cd+dj0Zpzsplj+APn8wfZjY2H</latexit>

T2

<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4

<latexit sha1_base64="WE7/70DruTpTvslUKRJst6QhCw8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fKmMuw==</latexit>

1

<latexit sha1_base64="tyroBhd78DggK6oMgR16oDIiM6c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXycJePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB34tjLw=</latexit>

2
<latexit sha1_base64="S50gbZ4TfmbtFvVWjJYQfUNVo0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUU8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4K5jL8=</latexit>

5
<latexit sha1_base64="KvHLfBVPtoamEKAfyVE8nLlxuA4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6PknAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH+xjL0=</latexit>

3

<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6
<latexit sha1_base64="WE7/70DruTpTvslUKRJst6QhCw8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fKmMuw==</latexit>

1
<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6
<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4

<latexit sha1_base64="tyroBhd78DggK6oMgR16oDIiM6c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXycJePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB34tjLw=</latexit>

2

<latexit sha1_base64="KvHLfBVPtoamEKAfyVE8nLlxuA4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6PknAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH+xjL0=</latexit>

3 <latexit sha1_base64="S50gbZ4TfmbtFvVWjJYQfUNVo0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUU8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4K5jL8=</latexit>

5

<latexit sha1_base64="WYWizut7yt3F4VZV9Uze6NNVgx8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgHsKu+DpJwIvHBMwDkhBmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDf1m0+oNI/kgxnH2A3pQPKAM2qsVDvrFUtu2Z2BLBMvIyXIUO0Vvzr9iCUhSsME1brtubHpplQZzgROCp1EY0zZiA6wbamkIepuOjt0Qk6s0idBpGxJQ2bq74mUhlqPQ992htQM9aI3Ff/z2okJbropl3FiULL5oiARxERk+jXpc4XMiLEllClubyVsSBVlxmZTsCF4iy8vk8Z52bsqX9YuSpXbLI48HMExnIIH11CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gByDYy0</latexit>⇤
<latexit sha1_base64="WYWizut7yt3F4VZV9Uze6NNVgx8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgHsKu+DpJwIvHBMwDkhBmJ73JmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7y48F18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDf1m0+oNI/kgxnH2A3pQPKAM2qsVDvrFUtu2Z2BLBMvIyXIUO0Vvzr9iCUhSsME1brtubHpplQZzgROCp1EY0zZiA6wbamkIepuOjt0Qk6s0idBpGxJQ2bq74mUhlqPQ992htQM9aI3Ff/z2okJbropl3FiULL5oiARxERk+jXpc4XMiLEllClubyVsSBVlxmZTsCF4iy8vk8Z52bsqX9YuSpXbLI48HMExnIIH11CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gByDYy0</latexit>⇤

<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+
<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+

<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+
<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+
<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+

<latexit sha1_base64="4EVZI4WU5A0tkw4p2MYr+Z4bn5g=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfJ0k4MVjAuYBSQizk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPd5ceCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItXyqUXCJdcONwFaskIa+wKY/upv6zSdUmkfywYxj7IZ0IHnAGTVWqp31iiW37M5AlomXkRJkqPaKX51+xJIQpWGCat323Nh0U6oMZwInhU6iMaZsRAfYtlTSEHU3nR06ISdW6ZMgUrakITP190RKQ63HoW87Q2qGetGbiv957cQEN92UyzgxKNl8UZAIYiIy/Zr0uUJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeO87F2VL2sXpcptFkcejuAYTsGDa6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwBzkYy1</latexit>

+

Figure: Shared k-local splits for k = 0 (+) and k = 4 (*).
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k-RF Distance of Cayley Trees (ii)

Sk (T1,T2) . . . number of k-local splits shared by T1 and T2.

Then,

dk−RF (T1,T2) = 2(n −1)−2Sk (T1,T2).

Example:

<latexit sha1_base64="KsZrinurS2SqSbMk9qeTiO9IJNs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eIeUGyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHjRY0FFXddHcFieDauO6XU1hZXVvfKG6WtrZ3dvfK+wctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHRt/rlytu1Z2D/CVeTiqQo94vf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8st/Seus6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDExgM4Qle4NURzrPz5rwvWgtOPnMIv+B8fAPYCY2G</latexit>

T1
<latexit sha1_base64="RkklwfqlUsHP3FTwUn/DwERU/B0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48R84JkCbOT3mTI7OwyMyuEkE/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdzfzWEyrNY1k34wT9iA4kDzmjxkqP9V6lVyy5ZXcOskq8jJQgQ61X/Or2Y5ZGKA0TVOuO5ybGn1BlOBM4LXRTjQllIzrAjqWSRqj9yfzUKTmzSp+EsbIlDZmrvycmNNJ6HAW2M6JmqJe9mfif10lNeONPuExSg5ItFoWpICYms79JnytkRowtoUxxeythQ6ooMzadgg3BW355lTQrZe+qfPlwUareZnHk4QRO4Rw8uIYq3EMNGsBgAM/wCm+OcF6cd+dj0Zpzsplj+APn8wfZjY2H</latexit>

T2

<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4

<latexit sha1_base64="WE7/70DruTpTvslUKRJst6QhCw8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fKmMuw==</latexit>

1

<latexit sha1_base64="tyroBhd78DggK6oMgR16oDIiM6c=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXycJePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9UqvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3lX5sn5Rqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB34tjLw=</latexit>

2
<latexit sha1_base64="S50gbZ4TfmbtFvVWjJYQfUNVo0o=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUU8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe1flSv2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4K5jL8=</latexit>

5
<latexit sha1_base64="KvHLfBVPtoamEKAfyVE8nLlxuA4=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6PknAi8cEzAOSJcxOOsmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0N/WbT6g0j+SDGcfoh3QgeZ8zaqxUO+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPRv/JTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuypf1i5KldssjjwcwTGcggfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AH+xjL0=</latexit>

3

<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6
<latexit sha1_base64="WE7/70DruTpTvslUKRJst6QhCw8=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3euVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/fKmMuw==</latexit>

1
<latexit sha1_base64="Gkem2/yJ7USTsblF8VuxCl11iUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pVeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwoe5XyVf2yVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD4Q9jMA=</latexit>

6
<latexit sha1_base64="GrUVyfjxCAIaQx2300l+gXskVxI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx6yQFLx4r2A9oQ9lsJ+3azSbsboQS+gu8eFC8+pu8+W/ctjlo64OBx3szzMwLU8G18bxvp7S2vrG5Vd52d3b39g8q7mFLJ5li2GSJSFQnpBoFl9g03AjspAppHApsh+O7md9+RqV5Ih/NJMUgpkPJI86osdLDRb9S9WreHGSV+AWpQoFGv/LVGyQsi1EaJqjWXd9LTZBTZTgTOHV7mcaUsjEdYtdSSWPUQT4/dEpOrTIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzcW0I/vLLq6R1XvOvapfV+m0RRhmO4QTOwIdrqMM9NKAJDBBe4A3enSfn1flYNJacYuII/sD5/AEWv4uU</latexit>

4
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Figure: Shared k-local splits for k = 0 (+) and k = 4 (*).
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Histogram for n = 6 (from Khayatian & Valiente & Zhang)
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Main Result

Khayatian et al. conjectured that the limit distribution at the two boundary

cases, i.e., k = 0 and k = n −2, should be Poisson.

Theorem (F. & Steel; 2025)

(i) For k = 0,

n −1− d0−RF (T1,T2)

2
d−→ Poisson(2).

(ii) For k = n −2,

d(n−2)−RF (T1,T2)−2n(1−e−2)

2
√

(e−2 −3e−4)n

d−→ N (0,1).

For the proof, we can equivalently work with Sk (T1,T2).
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k = n −2 (i)

Sn . . . number of splits shared by two random trees T1 and T2 of size n.
S′

n . . . number of shared trivial splits (i.e., common leaves).

Lemma

As n →∞,
Sn −S′

np
n

p−→ 0.

Thus the result follows from:

Proposition

As n →∞,
S′

n −ne−2√
(e−2 −3e−4)n

d−→ N (0,1).
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k = n −2 (ii)

Note:

E(S′
n(S′

n −1) · · · (S′
n −k +1))

= k !

(
n

k

)(
(n −k)n−k−2(n −k)k

nn−2

)2

= k !

(
n

k

)(
1− k

n

)2n−4

.

Corollary

(i) E(S′
n) ∼ ne−2 and Var(S′

n) ∼ (e−2 −3e−4)n.

(ii) For m ≥ 1,

E

((
S′

n −ne−2√
(e−2 −3e−4)n

)m)
∼

{
m!/(2m/2(m/2)!), if m is even;

0, if m is odd.
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k = n −2 (iii)

One can also directly work with factorial moments.

Theorem (Gao & Wormald; 2004)

Let sn >−µ−1
n and

σn =
√
µn +µ2

n sn ,

where 0 <µn →∞ and µn = o(σ3
n). Let Xn be a sequence of RVs with

E(Xn(Xn −1) · · · (Xn −k +1)) ∼µk
nek2sn /2

uniformly for cµn/σn ≤ k ≤ c ′µn/σn , where c ′ > c > 0.

Then, as n →∞,
Xn −µn

σn

d−→ N (0,1).
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k = n −2 (iv)

Other methods of proof.

(i) Use the (known) limit distribution result for the number of leaves a

random Cayley tree.

(ii) S′
n . . . number of empty boxes when throwing 2n−4 balls uniformly at

random into n urns.

−→ Use results for urn models.

(iii) Let Pn(z) be the probability-generating function of S′
n . Then,

Pn(y) = (2n −4)!

n2n−4 [z2n−4](ez + y −1)n .

Now, use saddle point method.
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k = 0 (i)

Sn . . . number of common edges of two random trees T1 and T2 of size n.

Note:

E(Sn) =
(

n

2

)(

∑n−1
k=1

(n−2
k−1

)
kk−2(n −k)n−k−2

nn−2

)2

=
(

n

2

)(
2

n

)2

= 2(n −1)

n

.

Similarly, one can compute the second factorial moments by considering

the number of trees which contain two di�erent �xed edges.

Proposition

(Moon; 1970)

The number of Cayley trees which contain a spanning forest F consisting of

m trees equals:

q1 · · ·qmnm−2,

where qi denotes the number of vertices in the i -th tree in F .
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k = 0 (ii)

Set:

Sn = ∑
u,v

Xu,v ,

where Xu,v = 1 if {u, v} is a common edge and 0 otherwise.

Nu,v . . . contains {u, v} and all other edges incident to {u, v} in Kn .

Observation: Xu,v is independent of (Xr,s : {r, s} ∉ Nu,v ).

Thus, one can use the �dissociated case" of the Stein-Chen bound to prove

the following result:

Proposition

We have,

dT V (Sn ,Poisson(2(n −1)/n)) =O(1/n).
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k = 0 (iii)

For the rooted case, the situation is slightly di�erent.

Proposition (F. & Yeh)

The number of rooted Cayley trees which contain a spanning forest F
consisting of m rooted trees equals:

nm−3.

Theorem (F. & Yeh)

For k = 0,

n −1− d⃗0−RF (T1,T2)

2
d−→ Poisson(1).

On the other hand, the result for k = n −2 remains unchanged.
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Summary

Our results explain the previous simulation result.

For unrooted and rooted Cayley trees, the results are the same for

k = n −2 but slightly di�erent for k = 0.

For k = n −3, the limit law is again normal; for k = 1, the limit law is

(degenerate) Poisson.

Question: What happens for 2 ≤ k ≤ n −4? Where does the limit law

change from Poisson to normal?

In the recent paper

E. Khayatian and L. Zhang. Simple k-RF Metrics for Comparison of

Labeled DAGs, bioRxiv

a central limit theorem is conjectured for dk−s−RF(T1,T2) for
1 ≤ k ≤ n −1.

This conjecture can also be proved with our tools (joint

with Bernhard Gittenberger, TU Wien).
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