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What is a Labeled Topology (or Phylogenetic Tree)?
X ... afinite set.
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What is a Labeled Topology (or Phylogenetic Tree)?

X ... afinite set.

Bacteria Archaea Eucarya

Green
Filamentous Slime

Spil
Methanosargina Fungi
Methanobacterjurh Halgphiles
Proteoba Plants
Cyanobacter - Cilistes
Planctomyce Flagellates
Bacteroide: .
Cytophaga Trichomonads
Microsporidia

Thermotoga

Aquifex Diplomonads

A labeled topology is a rooted, non-plane, binary tree with leaves labeled
by X.
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Species and Gene Trees

Species tree: tree of evolutionary relationship between species.

Gene tree: evolutionary relationship at a genomic site.
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Species and Gene Trees

Species tree: tree of evolutionary relationship between species.

Gene tree: evolutionary relationship at a genomic site.

Figure: Two realization of gene trees in the same species tree
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Species and Gene Trees

Species tree: tree of evolutionary relationship between species.

Gene tree: evolutionary relationship at a genomic site.

Figure: Two realization of gene trees in the same species tree

We assume throughout the talk that the specific tree and gene tree have
the same labeled topology!
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Ancestral Configurations

An ancestral configuration is a set of gene lineages present at a vertex of a
species tree for a realization of gene tree.
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Ancestral Configurations

An ancestral configuration is a set of gene lineages present at a vertex of a
species tree for a realization of gene tree.

A root configuration is an ancestral configuration at the root.
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Ancestral Configurations

An ancestral configuration is a set of gene lineages present at a vertex of a
species tree for a realization of gene tree.

A root configuration is an ancestral configuration at the root.
cr(t) ... # of root configurations over all gene trees.

Lemma

cr(t) = (ery (i) + D)(erp(tr) +1),

where tr, and tgr are the trees rooted at the children of the root of t.

Michael Fuchs (NCCU) Ancestral Configurations January 7th, 2024 4/20



Ancestral Configurations

An ancestral configuration is a set of gene lineages present at a vertex of a
species tree for a realization of gene tree.

A root configuration is an ancestral configuration at the root.
cr(t) ... # of root configurations over all gene trees.

Lemma

cr(t) = (ery (i) + D)(erp(tr) +1),

where tr, and tgr are the trees rooted at the children of the root of t.

c(t) ... total number of ancestral configurations.

Then,
c(t) = clt).

v
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Tree Classes
(i) Labeled topologies: non-plane, leaf-labeled.

T, — (2n - 3y = 20 2!

ool — 1)
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Tree Classes

(i) Labeled topologies: non-plane, leaf-labeled.

B ~ (2n—2)!
To= (20 -3l = 55—

(ii) Ordered unlabeled topologies: plane, no labels.

1/2n—2
Un: n—lz_( )
n\n-—1
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Tree Classes

(i) Labeled topologies: non-plane, leaf-labeled.
(2n — 2)!
Tn=02n-3)l= ———.
=3 = =

(ii) Ordered unlabeled topologies: plane, no labels.

1/2n—2
Un: n—lz_( )
n\n-—1

(iii) Labeled histories: non-plane, leaf-labeled, internal vertices labeled by

increasing sequences.
n!(n —1)!

Hy, = on—1
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Tree Classes

(i) Labeled topologies: non-plane, leaf-labeled.
(2n — 2)!
Tn=02n-3)l= ———.
=3 = =

(ii) Ordered unlabeled topologies: plane, no labels.

1/2n—2
Un = Unpn—-1= _( )
n\n-—1
(iii) Labeled histories: non-plane, leaf-labeled, internal vertices labeled by

increasing sequences.
n!(n —1)!

Hy, = on—1

(iv) Ordered unlabeled histories: plane, no labels, internal vertices labeled
by increasing sequences.

F,=(n-1).L

Michael Fuchs (NCCU) Ancestral Configurations January 7th, 2024 5/20



NS
Random Labeled Topologies

Michael Fuchs (NCCU)

Ancestral Configurations



-
Random Labeled Topologies

(i) Uniform model (or PDA model):
Labeled topologies with n leaves are picked uniformly at random, i.e.,

1 1
Puni<t) = T—n = m
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-
Random Labeled Topologies

(i) Uniform model (or PDA model):
Labeled topologies with n leaves are picked uniformly at random, i.e.,

1 1
Puni(t) = T—n = m

(i) Yule-Harding model:

Random model induced on the set of labeled topologies by the
uniform model on the set of labeled histories.
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-
Random Labeled Topologies

(i) Uniform model (or PDA model):

Labeled topologies with n leaves are picked uniformly at random, i.e.,

1 1
Puni(t) = T—n = m

(i) Yule-Harding model:

Random model induced on the set of labeled topologies by the
uniform model on the set of labeled histories.

Thus,
2n—1

PYH(t) = ol H:’:?)(T _ 1)dr(t) )

where d,(t) is the number of internal nodes with r leaves below them.
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Known Results (Disanto & Rosenberg; 2017)

(i) Maximally balanced labeled topologies have the largest number of
root configurations; caterpillars have the minimal number.
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|
Known Results (Disanto & Rosenberg; 2017)

(i) Maximally balanced labeled topologies have the largest number of
root configurations; caterpillars have the minimal number.

(ii) For the uniform model:

Eler0]~ /3 (3)

Bl (3)

and
7(11 — V/2) 4 !
Valer ()] ~ 34 <7(gﬁ — 11)) ’
4 n
Vale(t)] > (m) '
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Uniform Model

Lemma (Disanto, F., Paningbatan, Rosenberg; 2022)

The distribution of the number of root configurations under the uniform
model is the same as under uniformly ordered unlabeled topologies.
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N
Uniform Model

Lemma (Disanto, F., Paningbatan, Rosenberg; 2022)

The distribution of the number of root configurations under the uniform
model is the same as under uniformly ordered unlabeled topologies.

Proposition (Disanto, F., Paningbatan, Rosenberg; 2022)

For the number R,, of root configurations under the uniform model:

R, 2 (Rp, +1)(R:_; +1),

n—1In
where R} is an independent copy of R,, and

Ci—1Cn—j-1

P(In:j): 071 )

(1<j<n-1).
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Limit Law under the Uniform Model

Additive tree functional: a function F(t) which satisfies

F(t) = F(tr) + F(tr) + £ (1),
where f(t) is a given toll function.
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Limit Law under the Uniform Model

Additive tree functional: a function F'(t) which satisfies

F(t) = F(tL) + F(tr) + f(1),
where f(t) is a given toll function.

Wagner (2015) gives a CLT under mild conditions for f(t).

Michael Fuchs (NCCU) Ancestral Configurations January 7th, 2024 9/20



N
Limit Law under the Uniform Model

Additive tree functional: a function F'(t) which satisfies
F(t) = F(t) + F(tr) + f(1),
where f(t) is a given toll function.

Wagner (2015) gives a CLT under mild conditions for f(t).

Theorem (Disanto, F., Paningbatan, Rosenberg; 2022)

Under the uniform model, ¢, (t) is asymptotically lognormal distributed.
Moreover,

E, [log Cr(t)] ~ PN, Vn[log cr(t)] ~ 02n7
where (u,0%) ~ (0.272,0.034).
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Yule-Harding Model

Lemma (Disanto, F., Paningbatan, Rosenberg; 2022)

The distribution of the number of root configurations under the

Yule-Harding model is the same as under uniformly ordered unlabeled
histories.
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-
Yule-Harding Model

Lemma (Disanto, F., Paningbatan, Rosenberg; 2022)

The distribution of the number of root configurations under the
Yule-Harding model is the same as under uniformly ordered unlabeled
histories.

Proposition (Disanto, F., Paningbatan, Rosenberg; 2022)

For the number R,, of root configurations under the Yule-Harding model:
Ry £ (By, + 1)(R;_p, +1),

where R} is an independent copy of R,, and

P(l,=j)=—, (1<j<n-1).
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Mean under the Yule-Harding Model
Let e, := E[R,).
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Mean under the Yule-Harding Model
Let e, := E[R,]. Then,

1 n—1 9 n—1
en =14 g D ey T g D¢
n—1 = n o
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Mean under the Yule-Harding Model
Let ey, := E[R,,]. Then,

1 n—1 9 n—1
en = 1+ mZejen,j =+ FZE]
7j=1 j=1
Set:
E(z) := Z enz".
n>1
Then, E(z) satisfies the Riccati DE

1 2
2E(2) = B(2)? 4 _z
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-
Mean under the Yule-Harding Model
Let ey, := E[R,,]. Then,

1 n—1 9 n—1
en = 1+ mZejen,j =+ FZE]
7j=1 j=1
Set:
E(z) := Z enz".
n>1
Then, E(z) satisfies the Riccati DE

1+2 22
—F
Gl rp

2E'(z) = E(2)* +
with solution
2z sin (\/75 log(1 — z))
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Mean and Variance under the Yule-Harding Model

From E(z) we obtain the asymptotics of [2"]E(z) by singularity analysis.
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Mean and Variance under the Yule-Harding Model

From E(z) we obtain the asymptotics of [2"]FE(z) by singularity analysis.

Theorem (Disanto, F., Paningbatan, Rosenberg; 2022)
Under the Yule-Harding model,

Enler(t)] ~ (1—e7273/%) ",
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Mean and Variance under the Yule-Harding Model

From E(z) we obtain the asymptotics of [2"]FE(z) by singularity analysis.

Theorem (Disanto, F., Paningbatan, Rosenberg; 2022)
Under the Yule-Harding model,

Enler(8)] ~ (1- e—2ﬂﬁ/9)_".

Similarly, but with a more involved analysis, we obtain the variance.

Theorem (Disanto, F., Paningbatan, Rosenberg; 2022)
Under the Yule-Harding model,

Valer (t)] ~ (2.0449954 - - )™,

Michael Fuchs (NCCU) Ancestral Configurations January 7th, 2024 12 /20



N
Variance under the Yule-Harding Model (i)
Let s, := E[R2].
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Variance under the Yule-Harding Model (i)

Let s, := E[R2]. Then,

1 n—1 9 n—1 4 n—1
Sp =1+ _IZSan_j-l-TlZSj-l- _1253'671—3'
7j=1 7j=1 7j=1
n—1 n—1

4 4
NP IELE R DI

7j=1 7=1
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|
Variance under the Yule-Harding Model (i)

Let s, := E[R2]. Then,

1 n—1 9 n—1 4 n—1
sp =1+ — E 8jSn—j + S E 85 + — E Sj€n—j
n—1 = n—1 = n—1 =

4 n—1 4 n—1
7j=1 7=1
Set
S(z) = Z sn2".
n>1
Then,

28'(2) = S(2)* + [1 +z

+ 4E(z)] S(z) +

—Z

This is again a Riccati DE.
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Variance under the Yule-Harding Model (ii)

Solving it gives S(z) = —zU'(2)/U(2), where

0~ () + ZE) U+ ()0 ) =0
with
z 2 — VE(2))2
(92(2), 91(2), 90(2)) = G% (1 J_r . +4E(z)> 7 (2 + 2Z((11 - Z))f( ) ) .
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|
Variance under the Yule-Harding Model (ii)

Solving it gives S(z) = —zU'(2)/U(2), where

0~ () + ZE) U+ ()0 ) =0
with
z 2 — VE(2))2
(92(2), 91(2), 90(2)) = (%% (1 J_r . +4E(z)> 7 (2 + 22((11 - Z))f( ) ) .

Lemma (Disanto, F., Paningbatan, Rosenberg; 2022)
U(z) is analytic in D(0;1/2) and has a unique, simple root 3 with

B ~ 0.4889986317.
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|
Summary (# of Root Configurations)

quantity ‘ uniform model ‘ Yule-Harding model

] ~1.225-1.333" | Eplcy] ~ 1.4257
variance | V,[¢,] ~ 1.405 - 1.822" Valer] ~ 2.0457
log-mean E,[logey] ~0.272-n | Eyfloge,] ~ 0.351-n

log-variance | V,[logc,] ~0.034-n | V,[logc,] ~ 0.008 - n

mean E,[
[
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|
Summary (# of Root Configurations)

quantity ‘ uniform model ‘ Yule-Harding model
mean Ep[er] ~ 1.225 - 1.333" E,[cp] ~ 1.425™
variance | V,[c,] ~ 1.405 - 1.822" Valer] ~ 2.045™

log-mean E,[logey] ~0.272-n | Eyfloge,] ~ 0.351-n
[

log-variance | V,[logc,] ~0.034-n | V,[logc,] ~ 0.008 - n

“Balanced” labeled topologies tend to have more root configurations.

)

Natural logarithm
of the number of root configurations

Natural logarithm
of the number of labeled histories
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Total Number of Ancestral Configurations
R, ... # of root configurations;

T, ... 7 total number of ancestral configurations.
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Total Number of Ancestral Configurations

R, ... # of root configurations;
T, ... # total number of ancestral configurations.
Then,

Ry L Ry, + R, ; +Rp, + R, +1,
T, LTy, +T:_; + Ry,
where R; and T}, are independent copies of Iz, and 7}, and

Cj-1Cy-1-j/Cp—1, uniform model;

(I =3) {1/(71 —1), Yule-Harding model.
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Total Number of Ancestral Configurations

R, ... # of root configurations;
T, ... # total number of ancestral configurations.
Then,

Ry L Ry, + R, ; +Rp, + R, +1,
T, LTy, +T:_; + Ry,
where R; and T}, are independent copies of Iz, and 7}, and

Cj-1Cy-1-j/Cp—1, uniform model;

(I =3) {1/(71 —1), Yule-Harding model.

Also,
R, <T,<(2n—1)R,.
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Results under Uniform Model

Theorem (Disanto, F., Paningbatan, Rosenberg; 2024)
We have,

Eale0] ~ VB (5)

2(15 + 11v/2) [7(11 - V/2) 4 '
Vale(t)] ~ 17 34 (7(8\/5 — 11)) .

In addition,
logc(t) — Epflogc(t)] 4

45 N(0,1)
Va[log c(t)]
with
E,[logc(t)] ~ 0.272 - n, Vn[log c(t)] ~ 0.034 - n.
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Results under Yule-Harding Model

Theorem (Disanto, F., Paningbatan, Rosenberg; 2024)
We have,

Eale)] ~ (—) -

Va[e(t)] ~ (2.0449954 - - - )™,

In addition,
logc(t) — Epfloge(t)] a

— N(0,1)
Vi llog c(t)]
with
E,[logc(t)] ~ 0.351 - n, V[log c(t)] ~ 0.008 - n.
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|
Summary (# of Ancestral Configurations)

quantity | uniform model | Yule-Harding model
En[d] VB (4)" ()
E,[¢] 2(15+11f 11 f) (7(8\[ 11))” (2.0449954 - - - )"
Vol 2(15+11f /7 11 f) (7(8\[ 11))" (2.0449954 - - - )"
E,[enc] ( )\/7“1 v2) (78\[ - )n (2.0449954 - - - )"

Covaler ( 2 I (78\[ - )n (2.0449954 - - - )"
puler, c] \/% 1
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